A two-dimensional honeycomb lattice of graphene, if heavily doped with electrons or holes, has been predicted to possess a wealth of fascinating properties including high-temperature superconductivity. Although such a material is possible with high concentration of N or B substitution, its experimental realization has been hindered due to its dynamic instability. Using density functional theory combined with a global structural search and phonon dispersion calculations, we show that an ordered 50% N-or B-doped graphene can be made energetically and dynamically stable by simultaneous doping carriers and applying biaxial tensile strain; carrier doping moves the system toward aromaticity while tensile strain reduces adverse effects associated with electrostatic interaction. Electron-phonon coupling calculations show that the N-or B-doped graphene is superconducting with critical temperature reaching above the melting point of nitrogen in the case of 50% N-doped graphene. In addition, the ideal strength of N-doped graphene is even higher than that of pure graphene.
I. INTRODUCTION
The successful synthesis of graphene [1] has led to considerable interest in exploring two-dimensional (2D) electron behavior of honeycomb lattices. One fascinating property is high superconducting critical temperature T c with unique topological behavior [2] [3] [4] [5] [6] [7] [8] [9] [10] . Note that pure graphene is not a good superconductor due to its vanishing density of states at the Fermi level (N F ), a consequence of pointlike Fermi surface in the Brillouin zone. In addition, the effective electron pairing potential at the Fermi level (V ep ) is weak which results in a very small electron-phonon coupling (EPC) parameter, λ = N F V ep .
Currently there are two main strategies to enhance the EPC of graphene-based materials. The first one is surface functionalization-depositing metal atoms on graphene can make it superconducting [7] [8] [9] [10] . Because enhancement of λ is related to metallic electrons around the Fermi level, such superconductivity is not intrinsic and the resulting T c 's are below 10 K. The second strategy is to introduce electrons or holes to graphene, especially heavy doping up to its Van Hove singularity point. Recent theoretical studies predicted that such a material would exhibit unconventional d + id-wave chiral superconductivity [5, 6] . In addition, carrier-doped graphene could possess T c up to 30 K; even higher T c can be expected if heavier carrier doping can be introduced [2] . Unfortunately, such heavy carrier doping concentration necessary to achieve such high T c with unconventional properties not only has been experimentally unfeasible but also breaks the structure.
Note that since N (B) has one electron more (less) than C, substituting C in graphene by N (B) atoms is equivalent to electron (hole) doping. In addition, the Fermi level would move close to the Van Hove singularity if the dopant concentration is high. One can imagine that heavy substituting of C in graphene with N (B) would behave in the same way. In spite of the tremendous efforts made during the past decade, * jzhou2@vcu.edu † pjena@vcu.edu the biggest experimental challenge in N-or B-substituted graphene without vacancy (keeping intact honeycomb lattice) is that the doping concentration is very limited. The maximum N content that has been achieved experimentally thus far is 21.66 wt%, corresponding to honeycomb-(h-) C 1−x N x composition of x = 19.1% [11] . Yakobson and coworkers used a cluster expansion model to explore the structure and stability of h-C 1−x N x with different x and concluded that when x exceeds 37.5%, the 2D alloy structure will be dynamically unstable [12] . Similarly, in B-doped graphene (h-C 1−x B x ), the highest B uptake is x = 25%, namely, BC 3 sheet [13, 14] .
In this study we propose a way to overcome this problem and realize heavily doped graphene with high superconducting temperature. We show that the synthesis of 50% N-or B-doped graphene is possible by simultaneously introducing intermediate carriers and applying external strain. Our conclusion is based on density functional theory (DFT) calculations within the generalized gradient approximation (GGA) [15] combined with a global structural search and kinetic stability analysis. We further propose, based on formation energy calculations, that 50% N-doped graphene can be experimentally realized if s-triazine-C 3 N 4 is used as a precursor. The ideal strength of h-CN is found to be high, namely 17.5%, thus outperforming pure graphene. Equally important, in these stable materials the Fermi level is found to be located near the Van Hove singularity. This is equivalent to heavily carrier-doped graphene proposed previously. Electron-phonon calculations demonstrate that both the h-CN and h-CB are phononmediated superconductors, with the critical temperature T c of h-CN reaching as high as 66.8 K, above nitrogen's melting point.
II. COMPUTATIONAL METHODS

A. First-principles calculation
Our DFT-GGA calculations are carried out using normconserving pseudopotentials as implemented in QUANTUM ESPRESSO code [16] . A plane-wave basis set with cutoff energy of 80 Ry is used. We also tested higher cutoff energy, but the results did not change. The Gaussian smearing scheme with smearing width of 0.01 Ry is applied for self-consistent calculations. Phonon dispersion matrix is calculated using the density functional perturbation theory (DFPT) method [17] . We used vacuum space of 15Å between different layers. A (64 × 64 × 1) uniform k-point mesh [18] and a (8 × 8 × 1) q-point grid are applied for electronic integration and phonon calculations, respectively. A much finer k grid of (96 × 96 × 1) is adopted for the electron-phonon coupling (EPC) calculation. Carrier doping is simulated by using a uniform jellium countercharge background to maintain charge neutrality. Formation energy and band structure calculations are repeated by using the Vienna ab initio simulation package (VASP) [19] with projector augmented wave method [20] . The results are consistent with those obtained using the QUANTUM ESPRESSO code.
B. Discrete particle-swarm optimization
First we explore the optimal geometry of 50% N-doped graphene by searching the globally minimum total energy configuration and then examining its dynamical stability. To do this, we apply an evolutionary discrete particle-swarm optimization (PSO) algorithm combined with energy calculated at the DFT-GGA level of theory. The PSO algorithm has been well tested to predict the geometric structures [21] . In order to reduce periodic constraints, we adopt (3 × 3 × 1) and (4 × 4 × 1) supercells and search for the lowest energy of honeycomb C-N alloy with C : N = 1 : 1 in both its neutral and hole-doped states. In the global search for optimal structure, we adopt two hexagonal (3 × 3 × 1) and (4 × 4 × 1) supercells containing C n N n with n = 9 and 16, respectively, to reduce periodic constraints. In each supercell, we randomly generate M(=20) different 50% N-substituted graphene patterns as the initial generation. A vector of range 2n is used to denote each structure,
In the vector, all the elements x are either 0 or 1, corresponding to the site occupied by C or N, respectively. DFT is then used to calculate the total energy and forces of each structure to locate the nearest local minimum on the potential energy surface (PES). Starting from the next generation, we use the PSO algorithm to surmount energy barriers on PES and approach lower-lying minima. In detail, we calculate the "velocity" of is the element j value of the best (lowest energy) pattern that has been reached for particle i, and gbest t j is the element j value of the best pattern of all the particles. The inertial parameter ω linearly decreases from 0.9 to 0.4 during iteration. After obtaining the velocity of all elements j , we swap a few high-velocity C (x = 0) and N (x = 1) pairs, to generate the new particle for the next generation. DFT optimization is again performed for all the particles. After optimization, 40% (eight) structures with high energies are eliminated and replaced by random structures. This procedure is iterated for at least 20 cycles until the lowest-energy structure remains unchanged for several generations.
III. RESULTS
A. Structure of 50% N-doped graphene
After the search, we obtained a disordered C-N alloy with some broken bonds in the neutral state, which is energetically much lower than the ordered h-CN alloy [ Fig. 1(a) ]. We then doped 0.3 holes in each unit cell (denoted as p = 0.3, corresponding to a concentration of 6.3 × 10 14 cm −2 , comparable with experimentally achieved carrier concentration [22, 23] ), and repeated the search. This led to an ordered h-CN sheet having the lowest energy and indicating that hole doping can energetically stabilize ordered h-CN [ Fig. 1(b) ].
B. Dynamical stability of h-CN
Next we study its dynamical stability. In order to compare with previous results, we start by analyzing the ordered h-CN in its neutral state. In Fig. 1(a) we show its relaxed structure, with its equilibrium lattice constant L 0 and C-N bond length as 2.336 and 1.349Å, respectively. Phonon dispersion calculation [ Fig. 2(b) ] shows two branches having imaginary frequency modes (following conventional notation, we plot imaginary frequency as negative values), consistent with previous results [12] . The lower soft branch corresponds to out-of-plane acoustic (ZA) mode, and the upper branch is out-of-plane optic (ZO) mode. These two soft modes indicate that the neutral h-CN is dynamically unstable, which is why it is difficult to synthesize. Since the dynamic instability arises from the surplus electrons on N atoms, we consider the effect of hole doping on the phonon dispersion relation. We found that in the hole-doped (p = 0.3) state, the ZA mode remains imaginary, while the ZO mode becomes stable [ Fig. 2(c) ]. We calculate electron density difference between the hole-doped state and neutral state ( ρ = ρ p=0.3 − ρ neutral ), which clearly shows that electrons are depleted mainly from the C and N nuclear sites [ Fig. 3(a) ]. This indicates that the electrons are removed from the antibonding state of the C-N bonds.
In order to raise the ZA branch, we apply a tensile strain ε along both x and y directions. As shown in Fig. 2(d) , when ε = 4.1%, the h-CN sheet becomes dynamically stable as there are no more imaginary frequencies in the entire reciprocal space. In this way, the ordered h-CN is not only energetically the lowest state, but also it is dynamically stable. This result demonstrates that the N uptake concentration in graphene can be as high as 50% by applying both hole doping and tensile strain, simultaneously. This concentration is much higher than that reported previously [11, 12] . The straininduced ZA stabilization can be understood by considering a simple classical model which incorporates springlike elastic force between nearest neighbor (C-N) atoms and electrostatic interactions among all C and N atoms. The total energy can be 064505-3 written as
where i (j ) is the atom index, Q i (Q j ) refers to its charge, r i (r j ) is its coordinate vector, β denotes stiffness of the spring, and the coefficient 1 2 is to avoid double counting between site i and j . Denoting the displacement along the z direction of C and N atoms as u n and v n , respectively (Fig. S1 in Supplemental Material [24] ), the equation of motion can be written as
where M 1 and M 2 are mass of C and N atom, respectively. Vectors r and p link the atom under study to its nearest and second-nearest neighbor atoms (Fig. S1 in Supplemental Material [24] ), respectively, which take the form
Here a 1 and a 2 are two-dimensional real space crystal lattice vectors (L is lattice constant). After solving this equation in the long-wavelength limit q = η 1Ĝ1 + η 2Ĝ2 (see Supplemental Material [24] ), we find that the stability of ZA mode is determined by the value of a dimensionless scaling parameter γ =Q 2 /βL 3 > 0, whereQ = √ |Q N ||Q C |. When γ is large, the electrostatic interaction dominates and the ZA mode is unstable in the long-wavelength limit. On the other hand, if we apply a tensile strain to increase the lattice constant L, γ can be reduced and the long-wavelength ZA mode then becomes positive. This tendency agrees well with our DFPT results which show that larger biaxial tension moves the ZA mode upward [ Fig. 3(b) ]. We also see that under small ε (4%), the ZA mode has quadratic dispersion with respect to q (ω ∼ q 2 ) in the vicinity of . When ε exceeds 8%, this relationship becomes linear (ω ∼ q), consistent with the results in stretched graphene [25] .
We now apply large tensile strain to study the ideal strength of a hole-doped h-CN sheet, which is a very important mechanical property of a nanomaterial. As shown in Fig. 2(e) , no phonon softening appears at ε = 17.5%, but there is a mode on the -K path whose frequency is approaching zero as ε increases and becomes imaginary at ε = 17.6%. This phonondominated instability is associated with Kohn anomaly [26] which will be discussed in the following. We also calculate the stress-strain curve which shows no structural instability before the Kohn anomaly sets in (yield point at ε = 18%) [ Fig. 2(f) ]. Hence, the critical strain of hole-doped h-CN can be as high as 17.5%, which is larger than that of pristine graphene, namely, 14.5% [27] , as well as carrier-strengthened graphene [28] . In Table I we list the minimum and maximum strain to stabilize h-CN under different hole-doping levels.
We now suggest a possible route to synthesize the ordered h-CN. We begin with an experimentally fabricated s-triazine-C 3 N 4 sheet [29] as a precursor. By depositing it on a selected substrate and applying a back gate voltage, it is easy to make the s-triazine-C 3 N 4 sheet slightly stretched and hole doped. We calculate the formation energy E f of embedding C atoms into s-triazine-C 3 N 4 to synthesize a h-CN sheet, using the lattice constant of an h-CN sheet consistent with 10% tensile strain [ Fig. 3(c) ]. The formation energy per CN under different p-doping levels reads
where the chemical potential μ C of the carbon atom is the same as that in the graphene sheet.
] is the total energy of s-triazine-C 3 N 4 in one unit cell [h-CN in a (2 × 2 × 1) supercell]. We see that in neutral and low-doping states, E f is negative, indicating endothermic reaction. When the doping level p is increased to 0.3, E f becomes positive and increases linearly with p; hence the reaction is exothermic, making it experimentally achievable.
C. Electronic structure of h-CN
Next we examine its electronic properties. As seen in Fig. 4(a) , the system shows an n-doped semiconducting behavior with the Fermi level located near the Van Hove singularity at the M point of the Brillouin zone. This is consistent with the previously proposed heavily electrondoped graphene with 5 8 filling of the π band. Thus, we can expect the theoretically predicted unconventional chiral d + id-wave superconducting state in a real material [5, 6] . In the band structure, we use a different color to represent the atomic contribution of each state. Here blue (red) represents the state contributed solely by N (C) atom. Band I is mainly from the N atoms, while band II is mainly from the C atoms. These results are consistent with the projected density of state (PDOS) results. Furthermore, we calculate maximally localized Wannier functions (MLWFs) [30] of these two bands [ Figs. 3(c) and 3(d) ], and observe that they have p z -orbital characteristics. Hence, these two band dispersions can be repeated by a simplified tight binding (TB) model,
where t is the hopping integral between nearest neighbor i and j sites, and is the on-site energy difference between the C and N sites with (−1) i = +1(−1) for C (N). By fitting the TB band structure with the DFT results, we plot the variation of t and under different tensile strains [ Fig. 4(b) ]. Note that both t and decrease linearly with increasing strain. Therefore, under larger tension, the electron hopping between C and N becomes harder, while the on-site energy difference between them becomes smaller. In Fig. 4(e) we plot the simulated scanning tunneling microscope (STM) image of the system.
To further understand the bonding feature of a hole-doped h-CN sheet, we calculate the valence electron localization function (ELF) of the system with p = 0.3 and ε = 10%. ELF is widely used to describe the spatial distribution of electrons, which is normalized from 0.0 to 1.0 [31] . The values of 0.5 and 1.0 represent the fully delocalized and fully localized state, respectively. From Fig. 4(f) , we see that the delocalized electrons (yellow) distribute around the C and N atoms, which are connected with each other in the whole sheet. On the C-N bond, the electrons are localized forming a bonding state.
We now reveal the geometrical structure of its Fermi surface [ Fig. 4(g) ], where we see an isotropic Fermi (electron) pocket in the xy plane near the M point of the Brillouin zone. We accordingly calculate the nesting function [ Fig. 4(h) ],
Nonzero X q indicates that there are two states on the Fermi surface, k and k , with q = k − k. Larger X q indicates more electron states are connected between k and k . We see that in the hole-doped h-CN, nonzero X q distributes mainly around and along → M path. At the nonzero X q points, the screening effects of electrons in a metal can strongly change atomic vibrations, and the vibration frequencies ω vary abruptly with q, a signature of Kohn anomaly instability. Our X q plot agrees well with the phonon dispersion calculation where the Kohn anomaly occurs at the vicinity of the point.
D. Superconductivity of h-CN
Now we estimate its phonon-mediated superconducting transition temperature by calculating the Eliashberg function α 2 F (ω), EPC parameter λ, and the logarithmic frequency average ω log . Using the Allen-Dynes modified McMillan equation [32, 33] ,
with a typical value of 0.115 for the effective Coulomb repulsion parameter μ * , we calculate the critical superconducting Fig. 5(c) ]. The logarithmic frequency average ω log and critical temperature T c are found to be 362.8 and 66.8 K, respectively. This T c value is much higher than that in the conventional MgB 2 (39 K) and is above nitrogen's melting point (63.15 K).
E. Stability and superconductivity of h-CB
In addition to N-doped graphene, we also consider a similar 50% B-doped graphene (h-CB) (Fig. 6) . The equilibrium lattice constant of h-CB is optimized to be 2.677Å. Similarly, this h-CB is dynamically unstable in its neutral state (TA soft mode near and ZA soft mode near and M in the Brillouin zone), due to lack of electrons of B atoms. However, if we add some electrons (n = −0.2 |e|/unit cell, corresponding to a donor concentration of 3.2 × 10 14 cm −2 ) and apply a biaxial tensile strain (ε = 5%), the system becomes dynamically stable without imaginary frequencies. This shows that carrier doping and tensile strain applied simultaneously can also stabilize a highly-B-doped graphene. Band structure calculations show that the h-CB is metallic with the Fermi level located near the Van Hove singularity [24] . Strong electron-phonon interactions (Fig. 7) are also found that lead to T c = 44.4 (n = −0.2, ε = 5%)) and 40.4 K (n = −0.3, ε = 5%), again higher than that of MgB 2 . 
IV. CONCLUSION
In summary, we propose a pathway to synthesize heavily carrier-doped graphene with an unconventional high-T c superconducting state. Our study of 50% N-or B-doped graphene leads to the following conclusions: (i) In its neutral state, the ordered h-CN is unstable with imaginary frequencies in ZA and ZO modes. Hole doping can stabilize the ZO mode by removing electrons from the antibonding state while tensile strain can stabilize the ZA mode by weakening electrostatic interaction between C and N. (ii) The h-CN can withstand tension as high as 17.5%, thus outperforming graphene. (iii) Hole-doped ordered h-CN is energetically favorable among all the N-doped graphene systems. By calculating the formation energy, we propose that a hole-doped and stretched s-triazine-C 3 N 4 can be used as a precursor to fabricate h-CN experimentally. (iv) The h-CB sheet can similarly be stabilized with electron doping and applied tensile strain. (v) With the Fermi level lying near the Van Hove singularity point, both h-CN and h-CB are metallic and phonon-mediated superconductors with critical temperatures reaching 66.8 and 44.4 K, respectively. These stable and experimentally realizable materials provide a platform to verify and study the theoretically predicted unconventional superconductivity of heavily doped graphene. The stabilization strategy can also be applied to other unstable 2D nanomaterials such as h-B sheet [34, 35] , 1T -MoS 2 [36] , planar arsenene [37] , and h-GaBi [38] .
